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Abstract
The idea of Gauge-Yukawa Unication (GYU) based on the principle of reduction of
couplings is elucidated. We show how the observed top-bottom mass hierarchy can be
explained in terms of supersymmetric GYU by considering an example of the minimal
supersymmetric GUT.
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1 Introduction
Gauge-Yukawa Unication (GYU) is a functional relationship among the gauge and
Yukawa couplings, which can be derived from some principle. Recall that the gauge
and Yukawa sectors in Grand Unied Theories GUTs [1] are usually not related. But, in
superstring and composite models for instance, such relations could be derived in princi-
ple. In the GYU scheme [2, 3, 4], which is based on the principle of niteness [5, 6] and
reduction of couplings [7], one can write down relations among the gauge and Yukawa
couplings in a concrete fashion. These principles are formulated within the framework of
perturbatively renormalizable eld theory, and one can reduce the number of independent
couplings without introducing necessarily a symmetry, thereby improving the calculability
and predictive power of a given theory [7].
The consequence of GYU is that in the lowest order in perturbation theory the gauge
and Yukawa couplings above the unication scale M
GUT







; i = 1; 2; 3; e;    ; ; b; t ; (1)
where g
i
(i = 1;    ; t) stand for the gauge and Yukawa couplings, g
GUT
for the unied
coupling, and we have neglected the Cabibbo-Kobayashi-Maskawa mixing of the quarks.
Eq. (1) exhibits a boundary condition on the renormalization group (RG) evolution for
the eective theory below M
GUT
, which we assume to be the minimal supersymmetric
standard model (MSSM). It has been recently found [3, 4] that various supersymmetric
GUTs with GYU in the third generation can predict the bottom and top quark masses
that are consistent with the experimental data. This means that the top-bottom hierarchy
could be explained in these models, exactly in the same way as the hierarchy of the gauge
couplings of the standard model (SM) can be explained if one assumes the existence of a
unifying gauge symmetry above M
GUT
[8].
Here we would like to outline the general idea of GYU which is based on the principle
of reduction of couplings, and consider a concrete example [4] to illustrate it. Then we
will briey mention the idea of Dynamical Unication of Couplings (DUC) that has been
recently proposed by one of us (J.K.) [9] to understand a possible, theoretical origin of
reduction of couplings.
2
2 GYU based on the principle of reduction of cou-
plings
Suppose we have a set of couplings fg
0
;    ; g
N







=4.) The principle of reduction of couplings is to impose as many as possible
RG invariant constraints which are compatible with renormalizability [7]. Such constraints
in the space of couplings can be expressed in the implicit form as (
0
;    ; 
N
) = const.,












) = 0, where 
i
is the -function of 
i
. In general, there
exist N independent solutions of them, and they are equivalent to the solutions of the







; i = 1;    ; N ; (2)
where   
0
and   
0
. Since maximally N independent RG invariant constraints in
the (N + 1)-dimensional space of couplings can be imposed by 
i
, one could in principle
express all the couplings in terms of a single coupling  [7]. This is the basic observation
to understand reduction of couplings.
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(~) with r = 2;    are power series of ~
i
and can be computed





















= 0 ; (5)
and assuming that their solutions 
i
's have the form

i




> 0 for j = N
0




with i  N
0
as small perturbations. The undisturbed system is dened by
setting all ~
i
with i  N
0
equal to zero. It is possible [7] to verify at the one-loop level
















; j = N
0
+ 1;    ; N (7)
to the reduction equations (2) to all orders in the undisturbed system. These are the RG
invariant relations among couplings that keep formally perturbative renormalizability of
the undisturbed system. We emphasize that the more vanishing 
i
's a solution contains,
the less is its predictive power in general. We, therefore, search for predictive solutions in
a systematic fashion.
The small perturbations caused by nonvanishing ~
i
's with i  N
0
dened above enter
in such a way that the reduced couplings, i.e., ~
i
with i > N
0
, become functions not only
of  but also of ~
i
with i  N
0
. It turned out [17, 4] that, to investigate such partially
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; i = 1;    ; N :
The partial dierential equations (8) are equivalent to the reduction equations (2), and






















are supposed to be power series of ~
i
; i = 1;    ; N
0
. This particular type of
solutions can be motivated by requiring that in the limit of vanishing perturbations we






for r  2. Again it is possible
to obtain the sucient conditions for the uniqueness of f
(r)
j
in terms of the lowest order
coecients.
So this is the machinery to build gauge-Yukawa unied models. In the next section,
we consider an explicit example.
4
3 An example: The minimal susy SU(5) GUT
To illustrate our method of GYU, we consider [17] the minimal N = 1 supersymmet-
ric GUT based on the group SU(5) [10]. As well-known, three generations of quarks












, and H(5) and H(5) to describe the two Higgs supermultiplets






























































where ; ;    are the SU(5) indices, and we have suppressed the Yukawa couplings of

































































































































=4 ; i = t; b; ; f .
There may exist in principle 2
4
= 16 non-degenerate solutions to the algebraic equa-
tions (5), corresponding to vanishing 's as well as nonvanishing ones as given in (6). Here




6= 0) and to describe an asymptoti-




































On can also show that for both cases the corresponding power series solutions of the form
(7) uniquely exist.
Further, according to the previous section, both solutions give the possibility to obtain
partial reductions, where ~

has to be regarded as the small perturbation in the case of

























+    ; j = t; b; f ; (13)











' 0:005 ; 0:004 ;  0:021 ;












































































'  0:021 ;  0:018 :
A detailed analysis [17] shows that to keep asymptotic freedom in the case of solution
2, the ~

is allowed to vary from 0 to 15=7 while the ~
f
may vary from 0 to a maximal
value which depends on ~

(in the one-loop approximation). One furthermore nds that
solution 1 is the boundary of solution 2 so that both solutions belong to the same RG
invariant, asymptotically free surface. This is shown in Fig. 1.
Eq. (14) denes GYU boundary conditions holding at M
GUT
. Note that they remain
unaected by soft supersymmetry breaking terms, because the -functions are not altered
by these terms. To predict observable parameters from GYU, we apply the well-known
RG technique. We assume that below M
GUT
the evolution of couplings is governed by
the MSSM and that there exists a unique threshold M
SUSY
for all superpartners of the
MSSM so that below M
SUSY






















We emphasize that with a GYU boundary condition alone the value of tan  can not be
determined. Usually, it is determined in the Higgs sector, which however strongly depends
on the supersymmetry braking terms. Here we avoid this by using the tau mass M

as
an input. As the input data we use M

= 1:777 GeV ; M
Z





























































0 1:369 0:969 0:1217 52:6 1:76  10
16
4:59 182:6
0:6 1:187 0:816 0:1216 51:1 1:75  10
16
4:64 181:0









) is the running bottom quark mass at its pole mass.








is preferable because of the nucleon decay constraint as we will see later.
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superpartner contribution which is not included above. Because of the infrared behavior
of the Yukawa couplings [11], the value of M
t
may be insensitive against the change of
~
t






= 0:642 and M
SUSY
= 500 GeV xed,
2
where
the reduction solution corresponds to ~
t
= 1:0. From Fig. 2 we see that with increasing
experimental accuracy ofM
t
it may become possible to test various GYUmodels. Detailed
studies on this problem will be published elsewhere [13].
Finally we would like to turn our discussion to proton decay. Since the couplings in
the minimal model with GYU are strongly constrained, the parameter space for proton
decay is also constrained. To see this, we recall that if one includes the threshold eects






meet is related to
the mass of the superheavy SU(3)
C

















controls the nucleon decay which is mediated by dimension ve operators
2
A similar analysis has been done by Bando et al. in Ref. [12] on the one-loop level, but not to study
GYU physics.
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1:1 as one can see from eq. (14) and Table
1, the value of ~

has to be less than  4:4  10
 5
. Therefore, the reduction solutions
that are consistent with the nucleon decay constraint are very close to solution 1, so to
the boundary of the asymptotically surface shown in Fig. 2.
4 Dynamical Unication of Couplings
As we have seen, we can construct gauge-Yukawa unied models by applying the prin-
ciple of reduction of couplings. Though there are certain successes of these models, the
reduction principle is associated with no intuitive, physical meaning. Dynamical Unica-
tion of Couplings [9], which we are going to explain, could give a reduction of couplings
a simple, theoretical meaning. There exists already an example of DUC: Triviality of
gauged Higgs-Yukawa systems is widely expected, unless they are completely asymptot-
ically free. It was found[17] that by imposing a certain relation among the gauge, Higgs
and Yukawa couplings which are consistent with perturbative renormalizability, it is pos-
sible to make the SU(3)-gauged Higgs-Yukawa system completely asymptotically free and
hence nontrivial.
3
This RG invariant relation among couplings is a consequence of the
reduction of couplings. A DUC appears if the couplings in a theory are forced in a dynam-
ically consistent fashion to be related with each other in order for the theory to remain
well-dened in the ultraviolet limit.
However, most grand unied theories become asymptotically nonfree, if one attempts
to obtain a desired symmetry breaking pattern and a realistic fermion mass matrix by
introducing more Higgs elds. The common wisdom is that such theories develop a
Landau pole at a high energy scale, a fact which inevitably suggests that the theory is
trivial, unless some new physics is entering before the couplings blow up. There exist,
however, arguments [20, 9] based on optimized perturbation theory (OPT) [21], indicating
3
It has been found by Harada et al. in Ref. [18] that asymptotic freedom of gauged Higgs-Yukawa
systems is closely related to the nonperturbative existence of gauged Nambu-Jona-Lasino models. The
models have been considered in the ladder approximation by Kondo et al. in Ref. [19] before, who also
have observed a DUC in the models.
9











Figure 3: The evolution of  above M
GUT
; in the MS scheme (dashed) and in OPT (solid
line).
that non-abelian gauge theories can have a nontrivial xed point.
4
. If this is the case, the
idea of DUC could be applied to asymptotically nonfree theories, too.
Unication of the gauge couplings in asymptotically nonfree extensions of the SM
were previously considered [23]. In contrast to the present idea, it was assumed that the
gauge couplings asymptotically diverge so that if one requires the couplings to become
strong simultaneously at a certain energy scale, one can predict their low energy values.
The dierence of two approaches may be illustrated in Fig. 3, which shows the three-
loop evolution of the gauge coupling  above M
GUT
scale in the MS scheme and in
optimized perturbation theory in the SO(10)-gauge theory with 30 Dirac fermions in the
fundamental representation. The existence of a nontrivial xed point found in OPT and
also the possibility of DUC have to be independently veried in dierent approaches, of
course.
4
The existence of a nontrivial ultraviolet xed point in Yang-Mills theories nicely t with the idea of
walking technicolor gauge coupling [22]
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